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Abstract

A recen t re~iuiL on wcJc stabilizability is that the system

x Ax + Bu , where A is the infinitesimal generator of a contraction

SemLgroUp over a h u b e r t  Space H , and B is lirte~ir bounded is weakly

• stabilizablc if: (i) A has a compact resolvent and (ii) (A ,B) is

(approximately) controllable . In this note, we show that condition

(i) is superfluous and (ii) can be weakened to (iii) the weakly ~iistable

states are (approximately) controllable , which actually turns out to

be a necessary condition. Indeed, if (i) is verified, (iii) is

necessary and sufficient for strong stabilizability. Moreover , \7~e

give a simple , direct proof , using semigroup theoretic techniques ,

in par t icular obvi ating the need to invoke the t t ~~~~S..~fle Invariance

Principle” . The main tool is a decomposition applicable to all

c’~~ t r ec~ ri~~ s€~~~~~~ups which is derived from results of Sz. Nag ,

C. 1bie~ and S. R. Foguel .
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1. I ntro .hictien:

A ~t - dard result (see Worthain 19]) in finite din~ nsiori , is tha t

the tin~ invariant system

c z A x + Bu (1.1)

is stabiiizable by feedback

u = Xx

if and only if the unstable modes of the system are controflable. The

extension of this result to infinite dimansional systems, i.e., where

A is the infinitesimal generator of a C0 sernigroup , and B is linear

bounded has been the subject of many investigations recently ([6 ], [8] ,

{io] ,[ii]). As may be expected, there are suxiy non-equivalent not ions

of stability, depending on the topology used. The ij otion of “weak

stability” would appear to be the weakest. Thus

Definition 1.1

A C0 semigroup T(t) over a Hilbert space H is weakly_ stable if

Y x , y € H , (T(t)x , y) -
~ 0 as t -

~ 
+ co

Slentrod [6 , Theorem 3.5] shows that if A generates C0 contract ion semigroup T(t)

over a h ub e r t  space H and B is a linear bounded transfo~mtion mapping

a Hilbert space H~ into H , the semigroup generated by A - BB’~ is weakly

stable provided

(i) A has a cclnpact r’esolvent (note that for sorr~ reason this condition

is stated in ten~is of A~ in [6] , although of course the two are equivalent )

(ii) (A ,B) is (approximately) controllable.

In his proof , he uses the “LdSalle invariance principle” . We shall show

1
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(‘1’:Ic~~;~~-n 3.1) thn~ the ~~~~~~~~~~~ icj i i ( ~) .i:i ~~~;u j ~~~ [ Lun i;~ (an d in fact i~
sufficien t to yield ~;t iui i ~ , stab~J ity) and (ii) can be considerably

wea);€ nt ’J. I ior~ over , our ‘techniques are simpler and more directly

serni.group theoretic, ni y , i r i g  on a fundamental decomposition of contraction

semigroups , following Sz. hJ b ’—h o’i.~i~ . tie also incidentally indicate

the relevance of the Sz. Nagy-Foias theory [7] to the whole problem.

We begin with some rasults of interest on their own .

2. Canonical Decanposition for Contraction Semigrou~~

In this section , we state two decomposition theorems for C0
contraction semigroups , and n~ rge them into one corollary . First , we

recall some def initions :

Definition 2.1: Let H be a Hu bert space , and V be a bounded operator

in H. We say that a subspace K reduces V if and only if

V K c K a n d V~X c K  (2. 1)

Definition 2.2: A bounded operator V in H is

(i) Unitary if

V~V VV”~ = I

(ii) Completely non unitary (c.n.u .) if there exists no subspace

other tha n {0} reducing V to a unitary operator.

Remark: It follows from (2.1) that both K and reduce V arid V~ .

Theorem 2.1 [Nagy-Foias] Let T(t ) be a C0 contraction semigroup in a

Hu bert space H. Then H can be decomposed in to an orthogonal sum

H = H~ ~ 
where Il~ and are reducing subspaces for T(t ) , such

that

.4



(:0 Th’~ i’~~tii,ction 1 (0 i (t )  ~hl of T(t) to H is a unit t~y ~~~up.U u u
(ii) The restriction T (‘0 = T(t )J H of T(t) to H is aenu cnu cnu

c.n. u. sernigroup.

(iii) This d c i n ~~~;itj on (~~. iere of course H or H can be trivial )• u cnu
is unique and can be characterized by

= {x c H ; t > 0 IIT(t) > Il l IT~(t) x = x (2 .2 )

Moreover H = 1< , where 1< V(A) H , ( 2 . 3 )U U U U

and A denotes the infinitesimal generator of T(t) .

Proof: For the sake of completeness we sketch a proof. For more details

see Sz. Nagy and Foias [7 , pp. 9-10 and 136].

If we denote DT(t) I — T~(t ) T (t ) and DT..~(t) = I — T(t )T~(t ) , then

PI T (t)xH = IIT~(t)xH = HxH is equivalent to

(DT(t)x,x) = (Dp~(~~) X ,X) = 0 (2. ’4)

Since 1’(t) is a contraction, 1
~r(t) 

arid 
~T~~t 

are both self adjoint

nonnegative definite. It follows that (2 .4 )  <=> x c N(DT(t)) n

where w(~
) stands for the Null-Space of an operator. Therefore H

~ 
=

fl ~~~~~~~ flW (Dr~(t)
)], which 51!u. ’;S that it is closed. Using (2 . 2 ) , it

t>0
is easy to see that Il,~ is left invariant under T(s) and T’~(s) for any s.

To show (2 .3 )  (which is not specifically contained in [?J),we first note

that since H is closed ,
U

K~~= V(A)
~~~H~ 

c H ~ (2. 5)

Then, for any x in }l~ , R (A ,A)x = f e~~~T(s)x ds is also in H~ , as

easily proved by checking that

T(t )T *(t )R ( A ,A)x = T~’(t )T ( t )R (X ,A)x R (X ,
A)x3



But R(A ,~ )x e~ V (A ) .  Therefore ~j ;: € ~~ AR(A ,A)x K .  But ~~~~ knc~

Ut. iL Xi ~(,\ ,A) ,~ >: e ;  RcA + ° [.1, p. l(9]. h ence 
~ ‘Si’ ~~~~~

finally iirq d. L03 H lZ~, asso~ia LeJ with (2.5) .

‘Ihe following dee’;~j v~:;iLic)1 I Uieor~ :. is due to l’oguel [I4 ]~ Her e , we give

a simple proof , us iti ~ mainly elementary propertIes of cont:rnct ion

sem Lgroup3 ; this in t urn s1nw~; the relevence of the contraction asstmiptiori

to the stab ~lity pi~ blem.

Theorem 2 . 2  [Ibguelj Let T(t) be a C0 controc tion scmigroup in a Hu bert

space 11. Let t/ = {x E H; T (t ) x -~ 0 (weakly) as t -
~ 
+ co) . Then

(i) W reduces T(s) for any s.

(ii) On W~, T(s) is reduced to a unitary group, or equivalently

c H
— U

(iii) ~:1 coincides with the subspace {x € H; T~(t)x -~~ 0 (weakly) as

t -*- co}

Proof

First , note that W is a closed subspace of H.

•Proof of (i) : Let x ~ W. Then , for any s > 0,

T(t)T(s)x = T(s + t)x -~~ 0(weakly) as t -
~~ 

+ co, and henc e T(s)x c W. (2 .6 )

In order to prove that T~(s)x c W , ~~~~ need an intermediate result proved below.

T~ (t ) being a contraction, we have

Vx € H,V t2 > t
1 IIT~(t 2)xI I

2 = IIT~(t 2
_t
i)T*(t1)xII

2 
~5. IIT~

(t1)xI I
2.

Therefore , for any x , IT~(t )x I 1
2 is a non increasing function of t,

bounded from below by 0. 1 hence , it converges as t -~ + co• Therefore ,

for any fixed s

Z (t) = I I T~(t)xII
2 

- IIT (t + s )x 11 2 
÷ 0 as t -

~~ + co~

But Z ( t )  = (T~’(-t)x, T’~(t)x) — (T(s)T”~(t )x , T~(t )x)

((I — T(s)T?~(s)]T~(t )x , Tt~(t)x)

JJ [I—T ( (s)]112 T~(t)x JI
2
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Hence V x € 11, V s  > 0 [I — ‘j (s)I~’~(~)]T~:(’1)x ~ 0 as t ~ + (2 . 7)

Multiplying it to the left by Tn(s) , we have

T~(s) [I — (s)’[’~:(s)]T~(t)x = [I — TC(s)T(s)]T~(t + s)x.

Therefore, it follows that

v x € H, V s > 0 [I — T~(s)T( s)]T~ (L) x -
~ 0 as t -

~~ (2 .8 )

Next , we use the fact that if Y(t) is a bounded linear operator such

that Y(t ) x ‘ 0 for any x in H , then Y~ (t ) x ~~.. 0 (weakly) , for any x in ~-L

Applying ‘this to (2.7) and (2.8), we get v x c H, V s  > 0

T(t )  [II — T(s)T~(s)]x~~~0 (weakly ) as t + (2.9)

T(t) [I — T~(s)T(s)]x ~~0 (weakly) as t -
~~ + co (2.10 )

Now, we are ready to complete the proof of (i) . For , if we take x in W,

we have T(t )x ~~ 0 (weakly ) a~ t -> + 
~°, and subtructiitg it from (2.9),

we get

— T(t)T(s)T~:(s) x  — T(t + s)T~(s)x ~ 0 (weakly) as t -* + oo

~~T(t)T~(s)x .~~0 (weakly) as t -
~ + (2.11)

4 Grouping (2.6) and (2.11) , we have

x € W  => T(s)xcW

T~(s)x c W
Therefore W and reduce T(s), for any s.

•Proof of (ii):

(2.9) and (2.10) can be interpreted as:

= Range [I — T(s)T~(s)] c W
For any s (2.12)

R(flf(5)) Range [I — T~(s)T(s)] c W

and DT($) being self adjoint , we have

5 
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— N ( D  )—

= W (D~~~~)

Therefore (2 .12) is equivalent to

Vs > 0 W~c N(f l ~~ ) )n N(D
T .(~~

)

or ii [l’JQ),~ )fl N(Dr , . . ) ]  = 11
— 

s>0 i(s) [.. (
~
,) u

which completes the proof of (ii) .

~~~~~~~~~~~~ of (iii)

Let x € W. Any y in H can be uniquely decomposed as y = y~ + y~~
where € W and y~i. € W1.

Then (T~(t ) x ,y) (T~(t )x , y~1 +

= (x , T (t)y w ) + (x , T(t )y~,1i)

Since W’ reduce s T(’t ) , T(t )y~1i. € W~ and (x , T(t )y ~i )  = 0.

~~ ~~~~~~~~~ Y~ ~~ T(t)y~ -~~~~~ weakly as t -‘- + and (T~ (t ) x,y) =

(X,T(t )yw) 
-
~ 0 as t -- + and Tf:(t)x ~~~ (weakly) as t -

~~ 
+ c°.

Reversing the role of T(t) and T~(t), we can sho~i that T~ (t ) x~~~0

(weakly ) 
~~

> T(t)x ~~0 (weakly), which completes tl~a proof.

We can unite the two theorems into the following corollary .

Corollary 2.1. Let H be a Hu bert space, and T(t) a C0 contract ion

semigroup in H. Then H can be decomposed into three orthogonal

subspaces Henu~ 
W~ arid ~T

L
, all reducing T(t) and T~ (t) , such that

U U

W~ ® H
c~~ 

W (with the above notations ).

It follows that,

•On ~~~~~ 
T(t) is completely non unitary , and weakly stable

6
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Ott . 1 , ‘l( t ) u~ t i t  n y  arid ~~~~ t~- .J y st(tl)ie

~On W’, T(t ) is unitary , ~nd Vx c W
1
, T (t )~: 1~ 0 and T~ (t ) x  4~ 0

as t ‘~~ + (~~ •

Proo f: Ic) 1.1o’~:, ; imii ied~ate1y from the two t 1i: ne ia~;.

The above re~ulL motivates the following definition :

Def inition 2 .3 :  Let T(t)  be a C0 contraction seiuigroup over a lhiit t

space 11. Then W = {x; T(t )x~~~0 (weakl y) as t -> + ~~ is called the

weakly stable SULSpaCC.

:Ls called the “weakly unstable subspace” and. elements of are called

“weakly uris t able states”.

[of course T(t ) x /~ 0 as t -
~~ 

+ ° does not iJ~rply that x € Wt :]

3. Necessary and ~iufficien’L condition for weak stab i l , iz l ~it~ of C

contraction semigroups.

In order to prove the main theorem of this section, we need SUr:t~’

preliminary results. First , we recal l what is n~ant by “controllability” .

Definition 3.1 Consider the system

X AX + BU (3.1)

where A generates a C
0 

semigroup T(t) over a ILilbert space H and B is

a linear bounded operator mapping another filbert space IL1 into H. 
rp~~~~

set C of x in H, for which given any c > 0, there exist a t > 0 and u()

in L2[(0 ,t); 11.] such that

l i x _f T(t - a) Bu(o)da~ I < c (3.2)

is called the set of (approx~~~ tely) controllable t;tates. If C H, the

system is approximately controllable. See [1].

7
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3.!: 1~ Li Lii ’.’ 1 ~~~ 1 :  , 
( a c • i~~i. ;~ 

- 
~~ J C’ Lt  I. e

chr u”acter’ize(I by

C = Ii I-~ange ~~(L) 13 ] (3.3)
t>0

It follows that

C
1 

= fl WLB ;’~i~ (t)]. (3.~)t>0

C(nesp. C1) is called the 
~~~~~~~~~~~~L’~~~~~~t t~~Le (resp . uric:;etrellable)

subspace.

Proof: See [1, pp. 207—210] •

Next , we state two perturbation resul ts .

Lerr~ra 3.2: Let A be the infinitesimal operator of a C
0 semigroup T(t )

in a filbert space 11, and D he a bounded operator in H. Then A + I)

a C0 semigroup S(t) in H. Furthermore,

(1) If A and I) are self adjoint, so is s(t) , for any t > 0.

(ii) If A and D are dissipative, S(t) is a contraction semigroup.

(iii) If A has a compact resolvent , so does A + D.

(iv) If T(t) is compact, for any t > 0, so is S(t).

Proof: See [1, pp. 220—225]

Len~rta 3.3 Let K be any bounded operator mapping a filbert space H. into

H. Let s(t) denote the semigroup generated by A + BK. Then 
~ 

t > 0,

B~T~(t)x 0 if and only if Vt 0, B”~S~(t)x = 0. (The (approximately )

controllable subspace of (A,B) coincides with the one of (A + BK, B)).

Proof: Follows irni~ediately from the identities
f t

S~(t)x T*(t)x +J T~(t — a)K~B~S~(a)xda (3.5)
0

8
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and

T~ ( L ) x = ~ •(t)x _J ~ 
~; e ( t  ( ) )y ~’:j~ :f~ (o ) y J Q (3 . 1)

Theorem 3.1: Let A lx~ the infl~iiJ . ~~~
- h i t ] .  ~- e n e -~ ~ 

• of a C Coi it i  a e t i u c
0

sein~gro~p T(t) in a Ililber’t space 11 , arid B a L~aun~ied operator i~app ~ng

another filbert space II . into I i. Then, the system x = Ax + Bu is

weakl y stabilizahie if and only if the “weakly unstable s tates” of T(t)

are (approximately ) controllable , arid K = — B~: is a s tabli/ ing fcedbac~

gain .

Proof:

Let C be the controllable subspac~ of (A,B) , as defined above . Let W

be the weakly stable subspace of T(t), as defined in Section 2. Then

the tl~~~n~m can be expressed as

(A ,13) is weakly stal)LLzabie <~~> w1 c C  < > C ~ c

(i) Necessity

Suppase there exists a bouiidecl operator 1< such that A + BK generates a

C’ I . . .
weakly stable sexra group ~(t). Then , let x c C . By definition of C

we have V t > 0 B~T~(t)x = 0. Therefore, from (3 . 6) , we get

V y c H (T~(t)x,y) = (S~ (t )x ,y) = (x , S(t )y) -
~~ 0 as t -÷ + “ , by assumption .

Therefore T”~(t )x~. 0 (weakl y) as t -* + ~~, and since T~(t) is a con-traction,

we can use (iii) of Theorem 2 . 2  to prove that T(t )x -~~ 0 (weakly) as

t-~ + ~ ~~ x € W . So C’ c W. Q.L.D.

(ii) Sufficiency.

Assun~ .C
1 c w~ Let K = - B~ be the feedback gain. Then - BB~ is

obviously a bounded dissipative operutor, and by (ii) of Lenvna 3.2,

A - BB~ generates a contract ion seinigroup s(t ) . Then , app lying the

9
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~.l t~ ~; ( t ) , ~~~~ ~I~!e i s  a ~~ ‘ : . - ,
~~~~ ‘ ; i t ~~:i o~ H iii ’ -~ L~.’ b - ~ . c~i i .

sub~p tar :;  I i ’ , i ’ du ’ug S ( t  ) H a :~~L~~ ,’ ~~i~~~ ;: , a:d  1i~~~, ~~ ~~~~~~~~~~~

to a c.n.u. scinigrolip. ‘di r t , by (~aoJ] ry 2.1 , we h ave

V x II~~~, ~( I )x - 1) (weak l y) a:; L ~ +

ib-e t ~ fui v , it only retailtis to ;av-~ t1ri~ S(t) is wea~ Jy stable an I L .

Lefine K’~ as in Theon m 2.1. ‘ibe;i, for’ any x in ~~ P(A) we have
U U —

V t > 0 
~~ l~;C(~) x lI 2 = ((A~ - Bi~~)~ 

‘t(t)x,SC(t)x + (:~~(t)x, (AC - I~~~~~ C (t ) x )  U

Since AC and — BBC are dissipative , the above equation implies that

V t > 0 BCS~ ( t ) x  0.

But , by Uej :::~ t 3.3, this implies the: V t BCTC(t)x = 0 or equive)ea~ly

,1
>: c C. • So

x € K” ~ x € C1 (3.7)
U

• 
•But by a~~~mp Liori C c W. Therefora

x € KS 
> x € W (3.8)

U

Using (3.6) and (3.7), we get:

V t > 0 , V x € K~ S~ (t ) x = T~ (t )x.

Since x € W, T~(t )x  -~~ 0 (weakly ) as t -÷ + ~~, by (iii) of Theorem 2.2.

So does S~ (t) x , and so does S(t)x by the same argument.

Therefore Vx € KS, S(t) x ~ 0 (weakly) as t -
~~ + °~~. Since K~ is dense

in H~ (Theorem 2.1) , and l l S ( L ) l  < 1, then, for any x in }I~ , S(t ) x ~. 0

(weakly ) as t -~~ + w , by t h e triangular inequality. This complet es the

proof.

10
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( ‘a el I .  r 3 . !  : If A ~ ,L:ca: r b : ;  a 1 cor I i :1. v u  ‘i ca ~‘ l Up and i. _ ; a
—— - ~~ - - - .. - 0

a . ;:p a: I a ‘ H !  , I l i ’  a sd i t  ia: ol ~;i~’ a -
‘ -a -; . .L a; i ice ’ - a - i  y a:

su i l i l c i an t  for He st rin g :t a h i  !iciL.lity of (A,13). In pw t ca:;l r’, A~BI3~

a s t : u i g ly t ,bbI .c ca: j(~t a:: u(aftLg uup .

1 \ I

(i) b ’ .::ai!y: Folio ...; 1.1 ; r  t h e  Pc ~ that ru i i~ s t rlbri.Lty -> ‘.- a - .3i-.

s tab i I ty.

(ii) Sun I i c b r a y :  lie:: (1 H) of !~~ -; : 1.1 3.2, A — B1P: lies a

resolven t ~~A , A — l3B f : )  and L .~n~~’ i - l t . .~~
; a contraction sernigroup S(t ) , :PiLch

is weakly stable by I ] ; ’::: 3. 1. Let be a poin t in the resoLent

set of A — l3B~~. Than, for any x in V(A) , there exists a y in N

that x = R~~e0, 
A — BBC)y.

Then 5(L):’: = S ( t ) R ( A , A — BW:) y

= R ( A , A — BBC)S(t:)y

Siiica V y l-l ,S(t)y 0 (~ :‘: - ibly) as t -
~~ + ~~~ , and cri: :e R(~~~, A -

is co::p ict

V x c V(A)  S(t )x  -
~ 0 as t -

~~ +

Si .r:r~e V(A)  i.s den:;e in 11, and I I S( L ) < 1,

V x 11, S(t)x -*0 as t -
~~ + ~~ Q.E.I).

Lo:o ]J r e y 3 .2 :  If A geiicat u tic; a contraction self adjoint serr!grou~,

the condition of Theorem 3.1 is necessary and sufficient for th -t

strong stahilizab bH ty of (A , B) .  In particular A — B1P~ generates a

strong ly stable self adjoint con-traction semigrUup.

I~roof:

(i) A:: in Corollary (3.1)

(ii) Sufficiency

By ( 1)  arid (ii) of I/’rn!r~ (3.2), A — BB~ generates a self adjoint

o ri t r :i a Ian : ; ‘ . ‘; :~g :uu~ 5(t) wit:ich i is weakly stable , by ‘i Ii , rap~i;: 3.1.

11
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‘u rulc ie V x II ( b ( 2 t ) x ,x) ~ 0 a: : t 4

but  (b (~ t )x ,x) = (s(-L)h ( t ):.:,x) I f~;( t . )x I 1
2 

-
~~ 0 as t -

~~ 
+ -

, Q . f . D .

(~~~ lP i i ” >’ 3.3: If A g~ : i n  i to:;  a ~‘nmp rat (cen t t raction nnnr~5 go alp, thie

Ca: ILh bLot) of ‘dr ’ - - . ) 
~ - ; : 3 .1 i s  r :c’c:assaiy an ;d su ffLcJ s it for’ 1J10 e> :~a :  ten t Jul .

stabil i ~~iU i .lity of (A ,B) . in p in ion lii’ , A — Rb~ penal- C u s s  an exponentially

t.~Labis co;:tntct .iaa ssmo’f oup.

~~~of: Je’.’:;;it~-’ ,l:; i c  ror~~.

S u f t ic i .e;:cy follows fiisa the fact that for a com2act ::rs gro up

Weak Stability ~ Exponential Stability. See [3].

This corollary is also a consequence of the suf .! icienit au: rdJ .tion ~~i C i ’e5

in [8].

!~ Conclusion and hi ru. sb : ;

~rri~~ i - i :  [Si h a p ~ve;i  a :1a i~. L:r of oau iL” n ; >: a , ] an o~ :;y. ; L a .  ; ;-:h ia } :

axe (approximately) con t rollable ( A . C . )  but not stio;iply stahU izaule

(S.S.). ‘d:~s paper shies-.; thd t 11: A.C.  of t h e  weakly unstable state:,

imp lies the weak stabilbability (U.S.) of the system , provided T(t) is

a con tr action : ~~~~~~~~~~~~~~~ In par t icular, wova equat~ans, l.~hie1: generate

unitary groups in genrurci l , can he weakly stabilized if (A,B) is A.C.  and

stro n gly stab ilized ii in addition , the domain happens to be compact

(thus insur ing the compactness of the resolvent) .

For furth er results involving sennigroups other t hieni cont ractions , we

refer ’ to [2].

Aknowled~~ ent: The author wishes to thank Dr . N. Levan fun ’ iflunthiating

discussions on Sz. Nagy and Folas’ theory.

The autho r was informed by one of the referees that a sufficient condit ion
for weak s tab ilizability (A.C.  => ~i .S .)  was independently and simultaneously
obtained by R. E. O’Br ien [5) . Our’ result is a necessary and sufficient
condition which shows that the system need not be A.C.  on the whole spabe,
in order -to be weakly stabilized .
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